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Let un be the sequence of solutions of
−div(a(x, un, Nun))+|un |q−1 un=fn in W,
un=0 on “W,
where W is a bounded set in RN and fn is a sequence of functions which is strongly
convergent to a function f in L1loc(W0K), with K a compact in W of zero r-capacity;
no assumptions are made on the sequence fn on the set K. We prove that if a has
growth of order p−1 with respect to Nu (p > 1), and if q > r(p−1)/(r−p), then un
converges to u, the solution of the same problem with datum f, thus extending to
the nonlinear case a well-known result by H. Brezis. © 2002 Elsevier Science (USA)
1. INTRODUCTION
Let us recall the following result due to Brezis (see [4]).
Theorem 1.1. Let W be a bounded open subset of RN, N> 2, with 0 ¥ W,
let f be a function in L1(W), and let {fn} be a sequence of L.(W) functions
such that
lim
nQ+.
F
W0Br(0)
|fn−f| dx=0, -r > 0. (1.1)
Let {un} be the sequence of solutions of the following nonlinear elliptic
problems
−Dun+|un |q−1 un=fn in W,
un=0 on “W,
(1.2)
with q \ NN−2 . Then un converges to the unique solution u of the equation
−Du+|u|q−1 u=f.
Thus, even though there are no assumptions on fn near the origin, the
solution of the problem with datum f is stable in the sense that it is
recovered as the limit of the sequence un of solutions of (1.2). The assump-
tion on q is crucial to obtain such a result, and the limiting value
N/(N−2) depends on the fact that the origin is a subset of W of zero
N-capacity and on the fact that the differential operator is defined on
H10(W).
In this paper, we are going to extend this result to more general opera-
tors and sets. Before quoting our result, let us give the assumptions on the
various objects we will deal with.
Let W be an open, bounded subset of RN, N> 2, and let p be a real
number such that 1 < p < N. Let a: W×R×RNQ RN be a Carathéodory
function (i.e., a( · , s, t) is measurable on W for every (s, t) in R×RN, and
a(x, · , · ) is continuous on R×RN for almost every x in W) such that
a(x, s, t) ·t \ a |t|p, (1.3)
for almost every x in W, for every (s, t) in R×RN, where a is a positive
constant;
|a(x, s, t)| [ b |t|p−1, (1.4)
for almost every x in W, for every (s, t) in R×RN, where b is a positive
constant;
(a(x, s, t)−a(x, s, tŒ)) · (t−tŒ) > 0, (1.5)
for almost every x in W, for every s in R, for every t and tŒ in RN,
with t ] tŒ.
Recall that (see [1]) if f belongs to L1(W) and q > 0, then there exists at
least a solution u in the sense of distributions of the problem
−div(a(x, u, Nu))+|u|q−1 u=f in W,
u=0 on “W.
(1.6)
If f belongs to L.(W), then any solution u of (1.6) is in W1, p0 (W) and
belongs to L.(W) as well; this easily follows from the fact that the lower
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order term has the same sign of the solution, and from well-known
regularity results on the solutions of problem (1.6) without the lower order
term (see [8] for the linear case, and [3] for the nonlinear one).
If 1 < r [N, and K is a compact subset of W, the r-capacity of K is
defined as
capr(K, W)=inf 3F
W
|Nk| r dx, k ¥ C.c (W), k \ qK 4 ,
where qK is the characteristic function of the sets K, and, as usual,
inf”=+..
If s is a real number, we define
s+=max(s, 0), s−=max(−s, 0)=(−s)+,
so that s=s+−s− and |s|=s++s−. We also define
Tk(s)=max(−k, min(k, s)), Gk(s)=s−Tk(s).
Since we will deal with functions u that may not belong to Sobolev
spaces, we need to give, following [1], a suitable definition of gradient.
Definition 1.2. Let u be a measurable function on W which is finite
almost everywhere and is such that Tk(u) belongs to W
1, p
0 (W) for every
k > 0. Then (see [1, Lemma 2.1]) there exists a unique measurable function
v: WQ RN such that
NTk(u)=vq{|u| [ k}, almost everywhere inW, for every k > 0.
We will define the gradient of u as the function v, and we will denote it by
v=Nu. If u belongs to W1, 10 (W), then this gradient coincides with the usual
gradient in distributional sense.
We can now state the main result of this paper.
Theorem 1.3. Let p < r [N, let f=f+−f− be a function in L1(W),
and let K+ and K− be two disjoint compact subsets of W of zero r-capacity.
Let fÀn and f
ı
n be two sequences of nonnegative L
.(W) functions such that
lim
nQ+.
F
W0I(K+)
|fÀn −f
+| dx=0, lim
nQ+.
F
W0I(K−)
|fın −f
−| dx=0,
(1.7)
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for every neighbourhood I(K+) of K+ and I(K−) of K−. Let us denote
fn=f
À
n −f
ı
n . Let
q >
r(p−1)
r−p
, (1.8)
and let un be a solution of
−div(a(x, un, Nun))+|un |q−1 un=fn in W,
un=0 on “W.
(1.9)
Then, up to subsequences still denoted by un, un converges to a solution in the
sense of distributions of the problem
−div(a(x, u, Nun))+|u|q−1 u=f in W,
u=0 on “W.
(1.10)
Moreover, u belongs to Lq(W), and |Nu|p−1 belongs to L rŒ(W) (Nu is defined
in Definition 1.2).
Some remarks are in order.
Remark 1.4. The sequences fÀn and f
ı
n are not necessarily the positive
and negative parts of fn, since their supports may not be disjoint. This
explains the nonstandard notation adopted.
Observe that the meaning of (1.7) is that the sequences fÀn and f
ı
n are
strongly convergent in L1loc(W0K+) and L1loc(W0K−), respectively, so
that we do not impose conditions on them near K+ or K− (apart from
positiveness). If, for example, f — 0, K+={x+}, and K−={x−}, with x+
and x− two distinct points in W, and r=N, then admissible sequences of
functions are
fÀn=n
nqB(x+, 1/n), f
ı
n=n
nqB(q −, 1/n),
where B(x, d) is the ball of center x and radius d. These sequences are not
bounded in L1(W), so that one cannot expect to have a priori estimates on
the sequence un. Anyway, the result of Theorem 1.3 states in this case that
the solution u of problem (1.10) (which is u — 0) is stable due to the fact
that the sequence fn=f
À
n −f
ı
n explodes on sets of zero N-capacity and to
the presence of the power-like lower order term.
Remark 1.5. If p=2, a(x, s, t)=t, K+={0}, K−=”, and r=N, the
result of Theorem 1.3 can be compared with that of Theorem 1.1. Observe
that, in this case, our result is weaker, since we have sign assumptions on
the sequence fn (as explained before) and we require q to be strictly larger
than N/(N−2).
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Remark 1.6. A particular case of Theorem 1.3 is when the sequence fÀn
is convergent to l+ in the tight topology of measures, with l+ a bounded
Radon measure concentrated on a set K+ of zero r-capacity (and similar
assumptions for fın ). In this case, Theorem 1.3 states that the sequence un
converges to zero. This is exactly the same result which has been proved
(under the same assumptions on q and r) in [7].
Remark 1.7. The result of Theorem 1.3 can also be seen as a result of
removable singularities for problem (1.10). Indeed it states that sets of zero
r-capacity are not seen by the equation if q is large enough. There are
several results in the literature concerning the problem of removable sin-
gularities for problem (1.10), among which we quote again [4]; see also [9]
(for zero r-capacity sets in the linear case) and [10] (for zero N-capacity
sets in the nonlinear case).
2. PROOF OF THE MAIN THEOREM
Before giving the proof of Theorem 1.3, we recall the following result
which has been proved (in a slightly different version) in [5, Lemma 5.1].
Lemma 2.1. Let K+ and K− be two disjoint compact subsets of W of zero
r-capacity, with p < r [N. Then, for every d > 0 there exist A+d and A−d , two
disjoint open subsets of W, and k+d and k
−
d in C
.
c (W) such that
0 [ k+d [ 1, 0 [ k−d [ 1, in W, (2.1)
k+d — 1 on K+, k−d — 1 on K−, (2.2)
supp(k+d )=A
+
d , supp(k
−
d )=A
−
d , (2.3)
F
W
|Nk+d |
r dx [ d, F
W
|Nk−d |
r dx [ d. (2.4)
meas(A+d ) [ d, meas(A−d ) [ d. (2.5)
If A+d , A
−
d , k
+
d , and k
−
d are as in Lemma 2.1, we define
Ad=A
+
d 2 A−d , kd=k+d+k−d .
Proof of Theorem 1.3. The proof is divided in several steps.
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Step 1. Let k > 0 be fixed. Let s > 1 be fixed later, and choose
Tk(un)(1−kd) s as a test function in (1.9). We obtain
F
W
a(x, un, Nun) ·NTk(un)(1−kd) s dx (A)
−s F
W
a(x, un, Nun) ·NkdTk(un)(1−kd) s−1 dx (B)
+F
W
|un |q−1 unTk(un)(1−kd) s dx (C)
=F
W
fÀn Tk(un)(1−kd)
s dx (D)
−F
W
fın Tk(un)(1−kd)
s dx. (E)
We now define md=(1−kd) s dx, that is to say the measure such that
md(E)=F
E
(1−kd) s dx,
for every Borel set E in W.
Using (1.3), we have
(A) \ a F
W
|NTk(un)|p (1−kd) s dx.
Moreover, since the integrand function in (C) is nonnegative (recall that
Tk(s) has the same sign as s),
(C) \ F
{|un| \ k}
|un |q−1 unTk(un)(1−kd) s dx \ kq+1md({|un | \ k}).
We now define
cd(n)=F
W
(fÀn+f
ı
n )(1−kd)
s dx. (2.6)
Thus,
|(D)|+|(E)| [ kcd(n).
554 ORSINA AND PRIGNET
Finally, for (B) we have, using (1.4) and Young’s inequality,
|(B)| [ sk F
W
|Nun |p−1 (|Nk
+
d |+|Nk
−
d |)(1−kd)
s−1 dx
[ c1k F
W
(|Nk+d |
r+|Nk−d |
r) dx
+c2k F
W
|Nun | (p−1) rŒ (1−kd) (s−1) rŒ dx. (2.7)
If we define
In, d=F
W
|Nun | (p−1) rŒ (1−kd) (s−1) rŒ dx, (2.8)
putting together the results on (A)–(D), we have, recalling (2.4),
F
W
|NTk(un)|p (1−kd) s dx+kq+1md({|un | \ k}) [ ck(d+cd(n)+In, d). (2.9)
Now let r > 0 be fixed. Then we have, using twice (2.9)
md({|Nun | \ r})=md 13 |Nun | \ r|un | < k 42+md 13 |Nun | \ r|un | \ k 42
[ md({|NTk(un)| \ r})+md({|un | \ k})
[
1
rp
F
W
|NTk(un)|p (1−kd) s dx+
ck(d+cd(n)+In, d)
kq+1
[ c(d+cd(n)+In, d) 1 k
rp
+
1
kq
2 .
We now minimize the right hand side on k > 0 to find that there exists a
nonnegative constant cq such that
md({|Nun | \ r}) [
cq(d+cd(n)+In, d)
r
pq
q+1
. (2.10)
Let h be such that
(p−1) rŒ < h < pq
q+1
. (2.11)
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It is easy to see that assumption (1.8) on q implies that such a h exists.
Starting from (2.10) we then have
F
W
|Nun |h (1−kd) s dx [ chcq(cW+d+cd(n)+In, d), (2.12)
for some nonnegative constant ch and cW. Since h > (p−1) rŒ, we have, by
Hölder’s inequality,
In, d=F
W
|Nun | (p−1) rŒ (1−kd) (s−1) rŒ dx
[ cW 1F
W
|Nun |h (1−kd)
(s−1) h
p−1 dx2 (p−1) rŒh .
We now choose s such that (s−1) hp−1 =s; that is,
s=
h
h−p+1
. (2.13)
Since h > p−1 by assumption (2.11), then s > 1. We thus have, by (2.12),
In, d [ cW 1F
W
|Nun |h (1−kd) s dx2 (p−1) rŒh
[ cW(chcq(cW+d+cd(n)+In, d))
(p−1) rŒ
h .
Since (p−1) r
−
h < 1, the previous estimate implies that there exists a continuous
function Y, depending on W, h, and q, but not on n, such that
In, d=F
W
|Nun | (p−1) rŒ (1−kd) (s−1) rŒ dx [Y(d+cd(n)). (2.14)
We now observe that by (2.2) and (2.3), 1−kd is zero both on a neigh-
bourhood of K+ and of K−. Thus, by assumption (1.7), for d fixed, cd(n)
(defined in (2.6)) is bounded with respect to n; this implies that In, d is
bounded with respect to both n and d. Hence, from (2.9), (2.7), and (2.14) it
follows that
F
W
|NTk(un)|p (1−kd) s dx [ cdk, (2.15)
F
W
|un |q−1 unTk(un)(1−kd) s dx [ cdk, (2.16)
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and
F
W
|Nun |p−1 (|Nk
+
d |+|Nk
−
d |)(1−kd)
s−1 dx [ cd, (2.17)
for some nonnegative constant cd independent on n and k. We now choose
as test functions Tk(u
+
n )(1−k
+
d )
s and −Tk(u
−
n )(1−k
−
d )
s; performing the
same estimates, we obtain
F
W
|NTk(u
+
n )|
p (1−k+d )
s dx [ cdk,
F
W
|NTk(u
−
n )|
p (1−k−d )
s dx [ cdk,
(2.18)
and
F
W
|u+n |
q−1 u+n Tk(u
+
n )(1−k
+
d )
s dx [ cdk,
F
W
|u−n |
q−1 u−n Tk(u
−
n )(1−k
−
d )
s dx [ cdk,
(2.19)
since the only change is that now (E) [ 0 or (D) [ 0 respectively.
Step 2. We fix k > 0, let s be as in (2.13), and choose
(k−Tk(u
+
n ))(1−(1−k
+
d )
s)
as a test function in (1.9). We obtain
−F
W
a(x, un, Nun) ·NTk(u
+
n )(1−(1−k
+
d )
s) dx (A)
+s F
W
a(x, un, Nun) Nk
+
d (k−Tk(u
+
n ))(1−k
+
d )
s−1 dx (B)
+F
W
|un |q−1 un(k−Tk(u
+
n ))(1−(1−k
+
d )
s) dx (C)
=F
W
fÀn (k−Tk(u
+
n ))(1−(1−k
+
d )
s) dx (D)
−F
W
fın (k−Tk(u
+
n ))(1−(1−k
+
d )
s) dx. (E)
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The term (D) is nonnegative since fÀn \ 0 and by assumption (2.1) on k+d ;
for (E) we have, by (1.7),
−(E) [ cdk,
for some nonnegative constant cd independent on n, since the function
1−(1−k+d )
s is zero on a neighbourhood of K− by (2.2) and (2.3). As for
(C) we have, since k−Tk(u
+
n ) is zero on the set {un > k}, it is bounded by k
and is nonnegative,
(C) [ F
{0 [ un [ k}
|un |q−1 un(k−Tk(u
+
n ))(1−(1−k
+
d )
s) dx [ cdkq+1.
For (B) we have, using (1.4), using that k+d=kd on the support of k
+
d
(see (2.3)), and using (2.17)
|(B)| [ c1k F
W
|Nun |p−1 |Nk
+
d | (1−kd)
s−1 dx [ cdk,
with cd independent on both n and k. Since, using (1.3),
−(A) \ a F
W
|NTk(u
+
n )|
p (1−(1−k+d )
s) dx,
we thus have proved that
F
W
|NTk(u
+
n )|
p (1−(1−k+d )
s) dx [ cdkq+1, (2.20)
for some nonnegative constant cd independent on n and k. Using
(k+Tk(u
−
n ))(1−(1−k
−
d )
s)
in (1.9), we can similarly prove that
F
W
|NTk(u
−
n )|
p (1−(1−k−d )
s) dx [ cdkq+1, (2.21)
for some nonnegative constant cd independent on n and k. Putting (2.20),
(2.21) together with (2.18), and then choosing d=1 (for example), we have
F
W
|NTk(un)|p dx [ ckq+1. (2.22)
Thus, Tk(un) is bounded in W
1, p
0 (W) for every k > 0, and this means that,
for every k fixed, there exists a subsequence of Tk(un) which is weakly
convergent inW1, p0 (W) to some function vk.
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Step 3. Consider now the set {|un | \ k}, which we split as the union of
two sets:
{|un | \ k} 5 Ad and {|un | \ k} 5 Acd.
The Lebesgue measure of {|un | \ k} 5 Ad is smaller than the measure of Ad,
which is smaller than 2d by (2.5). We now estimate the measure of {|un | \ k}
5 Acd. We have, since 1−kd — 1 on Acd, and by Poincaré inequality,
meas({|un | \ k} 5 Acd) [
1
kp
F
{|un| \ k} 5 Acd
|Tk(un)|p dx
=
1
kp
F
{|un| \ k} 5 Acd
|Tk(un)|p (1−kd) s dx
[
1
kp
F
W
|Tk(un)(1−kd)
s
p|p dx
[
c
kp
F
W
|N(Tk(un)(1−kd)
s
p)p dx
[
c
kp
F
W
|NTk(un)|p (1−kd) s dx
+
c
kp
F
W
|Nkd |p (1−kd) s−p |Tk(un)|p dx.
Observing that s > p by (2.13) (as it is easily seen starting from assumption
(2.11) which implies h < p), we have
c
kp
F
W
|Nkd |p (1−kd) s−p |Tk(un)|p dx [ c F
W
|Nkd |p dx.
Since r > p by assumption, Hölder’s inequality yields
c
kp
F
W
|Nkd |p (1−kd) s−p |Tk(un)|p dx [ c 1F
W
|Nkd | r dx2 pr [ cd pr.
Recalling (2.15), we have
meas({|un | \ k} 5 Acd) [
cd
kp−1
+cd
p
r.
Thus
meas({|un | \ k}) [ 2d+
cd
kp−1
+d
p
r,
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which implies
lim
kQ+.
sup
n ¥ N
meas({|un | \ k}) [ 2d+d
p
r.
Since d is arbitrary, we have proved that
lim
kQ+.
sup
n ¥ N
meas({|un | \ k})=0. (2.23)
From (2.23) it easily follows that un is a Cauchy sequence in measure.
Indeed, if n and m belong to N, and e > 0 we have, for every k > 0,
{|un−um | \ e}=3 |un−um | \ e|un | > k 4 2 3 |un−um | \ e|un | [ k 4
=3 |un−um | \ e
|un | > k
4 2 3 |un−um | \ e
|un | [ k, |um | [ k
4 2 3 |un−um | \ e
|un | [ k, |um | > k
4
ı {|un | > k} 2 {|Tk(un)−Tk(um)| > e} 2 {|um | > k}.
We first choose k¯ such that the measure of {|un | > k¯} and {|um | > k¯} is
small (this can be done by (2.23)). Once k¯ is fixed, since the sequence Tk¯(un)
is bounded in W1, p0 (W), there exists a subsequence (still denoted by Tk¯(un))
which is strongly compact in Lp(W). This means, in particular, that the
sequence Tk¯(un) is a Cauchy sequence in measure. We then choose n and m,
such that the measure of the set {|Tk¯(un)−Tk¯(um)| > e} is small.
We thus have that (up to subsequences, still denoted by un) un converges
almost everywhere in W to some function u. As a consequence of this fact,
and since Tk(s) is continuous, the weak limit of Tk(un) in W
1, p
0 (W) is Tk(u)
for every k > 0. From now on, we will always consider this subsequence un.
We now use (2.9): by (2.14), since Tk(un) converges weakly to Tk(u) in
W1, p0 (W) and un is almost everywhere convergent to u, we have (observing
that cd(n), defined in (2.6), converges to >W |f| (1−kd) s dx)
F
W
|NTk(u)|p (1−kd) s dx+kq+1md({|u| \ k})
[ ck 1d+F
W
|f| (1−kd) s dx+Y 1d+F
W
|f| (1−kd) s dx22=cdk.
Starting from this inequality, and working as in Step 1, we obtain
F
W
|Nu| (p−1) rŒ (1−kd) (s−1) rŒ dx [ cd,
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which then implies (letting d tend to zero) that
F
W
|Nu| (p−1) rŒ dx [ c; (2.24)
that is, |Nu|p−1 belongs to L rŒ(W). Furthermore, starting from (2.16), and
applying twice Fatou’s lemma, we have that u belongs to Lq(W).
Step 4. Let k and h be fixed, let s be as in (2.13), and choose
Tk(un−Th(u))(1−kd) s as a test function in (1.9). We obtain
F
W
a(x, un, Nun) ·NTk(un−Th(u))(1−kd) s dx (A)
−s F
W
a(x, un, Nun) ·NkdTk(un−Th(u))(1−kd) s−1 dx (B)
+F
W
|un |q−1 unTk(un−Th(u))(1−kd) s dx (C)
=F
W
fnTk(un−Th(u))(1−kd) s dx. (D)
We now define by w(n), w(h), and w(n, h) any quantity such that
lim
nQ+.
w(n)=0, lim
hQ+.
w(h)=0, lim
hQ+.
lim
nQ+.
w(n, h)=0.
By assumption (1.7), by (2.2) and (2.3), and by the results on the sequence
un, we have
(D)=F
W
fTk(u−Th(u))(1−kd) s dx+w(n)=w(n, h).
We then have, since unTk(un−Th(u)) \ 0 on the set {|un | > h},
(C)=F
{|un| [ h}
|un |q−1 unTk(un−Th(u))(1−kd) s dx
+F
{|un| > h}
|un |q−1 unTk(un−Th(u))(1−kd) s dx
\ F
{|un| [ h}
|un |q−1 unTk(un−Th(u))(1−kd) s dx
=F
{|u| [ h}
|u|q−1 uTk(u−Th(u))(1−kd) s dx+w(n)=w(n).
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Finally, using (1.4),
|(B)| [ F
W
|Nun |p−1 (1−kd) s−1 |Nkd | |Tk(un−Th(u))| dx.
The sequence |Nun |p−1 (1−kd) s−1 is bounded in L rŒ(W) by (2.14) (hence it
weakly converges to some s in L rŒ(W)), while |Nkd | |Tk(un−Th(u))| is
strongly convergent in L r(W) to |Nkd | |Tk(u−Th(u))|. Thus
|(B)| [ F
W
s |Nkd | |Tk(u−Th(u))| dx+w(n)=w(n, h).
Putting together the results obtained for (B)–(D), we have
F
W
a(x, un, Nun) ·NTk(un−Th(u))(1−kd) s dx=w(n, h). (2.25)
Define now
Qn(x)=(a(x, un, Nun)−a(x, un, Nu)) ·N(un−u)(1−kd) s.
By assumption (1.5), Qn is a nonnegative function. Furthermore, by (1.4),
we have
Qn [ c[|Nun |p+|Nu|p+|Nun |p−1 |Nu|+|Nun | |Nu|p−1](1−kd) s.
Recalling (2.14) and (2.24), there exists b < 1 such that
Qbn is bounded inL
t(W), for some t > 1. (2.26)
We then fix k and h, and start considering
F
W
Qbn dx=F
{|u| [ h}
Qbn dx+F
{|u| > h}
Qbn dx
[ F
{|un| [ h}
Qbn dx+||Q
b
n ||Lt(W) meas({|u| > h})
1
tŒ
=F˛
|u| [ h
|un −u| [ k
ˇ Q
b
n dx+F˛
|u| [ h
|un −u| > k
ˇ Q
b
n dx+w(h)
[ F˛
|u| [ h
|un −u| [ k
ˇ Q
b
n dx+||Q
b
n ||Lt(W) meas 13 |u| [ h|un−u| > k42
1
tŒ
+w(h)
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=F˛
|u| [ h
|un −u| [ k
ˇ Q
b
n dx+w(n)+w(h)
[ cW 1 F˛
|u| [ h
|un −u| [ k
ˇ Qn dx2
b
+w(n)+w(h).
To perform the previous steps, we have used that u belongs to Lq(W) (so
that the measure of the set {|u| > h} tends to zero as h tends to infinity) and
the fact that un converges to u in measure (so that the measure of the set
{|un−u| > k} tends to zero as n tends to infinity). Recalling the definition
of Qn, we have
F˛
|u| [ h
|un −u| [ k
ˇ Qn dx=F{|u| [ h} (a(x, un, Nun)−a(x, un, NTh(u)))
·NTk(un−Th(u))(1−kd) s dx
[ F
W
(a(x, un, Nun)−a(x, un, NTh(u)))
·NTk(un−Th(u))(1−kd) s dx.
Since a(x, un, NTh(u)) converges to a(x, u, NTh(u)) strongly in (LpŒ(W))N as
n tends to infinity, and since a(x, u, NTh(u)) ·NTk(u−Th(u)) — 0, we have
F
W
a(x, un, NTh(u)) ·NTk(un−Th(u))(1−kd) s dx
=F
W
a(x, u, NTh(u)) ·NTk(u−Th(u))(1−kd) s dx+w(n)=w(n).
Thus, recalling (2.25), we have
F
W
Qbn dx=w(n)+w(h)+w(n, h). (2.27)
From this relation, and reasoning as in [2], we obtain
Nun(1−kd) sQ Nu(1−kd) s almost everywhere inW. (2.28)
Step 5. Let e > 0, let k > 0 be fixed, let s be as in (2.13), and choose
Sk, e(un)(1−kd) s as a test function in (1.9), where
Sk, e(t)=
1
e
Te(Gk− e(t)).
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We obtain
1
e
F
{k− e [ |un| [ k}
a(x, un, Nun) ·Nun(1−kd) s dx (A)
−s F
W
a(x, un, Nun) ·NkdSk, e(un)(1−kd) s−1 dx (B)
+F
W
|un |q−1 unSk, e(un)(1−kd) s dx (C)
=F
W
fnSk, e(un)(1−kd) s dx. (D)
Dropping (A), which is nonnegative, and then letting e tend to zero, we
obtain, using (1.4) and (2.14),
F
{|un| \ k}
|un |q (1−kd) s dx [ F
{|un| \ k}
(fÀn+f
ı
n )(1−kd)
s dx
+s F
{|un| \ k}
a(x, un, Nun) Nkd(1−kd) s−1 dx
[ F
{|un| \ k}
(fÀn+f
ı
n )(1−kd)
s dx
+c 1F
{|un| \ k}
|Nkd | r dx2 1r .
Since (fÀn+f
ı
n )(1−kd)
s is compact in L1(W) (as a consequence of the
assumptions on fÀn , f
ı
n , and kd), since |Nkd |
r belongs to L1(W), and since
(2.23) holds, Vitali’s theorem yields
lim
kQ+.
sup
n ¥ N
F
{|un| \ k}
|un |q (1−kd) s dx=0. (2.29)
Step 6. We now fix s as in (2.13), fix a function v in C.c (W), and take
v(1−kd) s as a test function in (1.9). We get
F
W
a(x, un, Nun) ·Nv(1−kd) s dx (A)
−s F
W
a(x, un, Nun) Nkdv(1−kd) s−1 dx (B)
+F
W
|un |q−1 unv(1−kd) s dx (C)
=F
W
fnv(1−kd) s dx. (D)
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Setting w(n, d) and quantity such that
lim
dQ 0+
lim
nQ+.
w(n, d)=0,
and using (2.28) we have
(A)=F
W
a(x, u, Nu) ·Nv(1−kd) s dx+w(n)=F
W
a(x, u, Nu) Nv dx+w(n, d).
Using again (2.28), and the assumptions on kd,
(B)=−s F
W
a(x, u, Nu) ·Nkdv(1−kd) s−1 dx+w(n)=w(n, d).
Using (1.7), (2.2), and (2.3),
(D)=F
W
fv(1−kd) s dx+w(n)=F
W
fv dx+w(n, d),
so that we only have to deal with (C). We begin proving that the
sequence |un |q (1−kd) s is equiintegrable on W with respect to n. We fix E a
measurable subset of W and write
F
E
|un |q (1−kd) s dx=F
E 5 {|un| < k}
|un |q (1−kd) s dx
+F
E 5 {|un| \ k}
|un |q (1−kd) s dx
[ kq meas(E)+F
{|un| \ k}
|un |q (1−kd) s dx.
Let e > 0 be fixed; using (2.29), we fix ke large so that
F
{|un| \ ke}
|un |q (1−kd) s dx [ e
and then take de > 0 such that meas(E) < de implies
kqe meas(E) [ e.
We have thus proved that the sequence |un |q (1−kd) s is equiintegrable on W
with respect to n. Thus, by the almost everywhere convergence of un to u,
by Vitali’s theorem, and by the fact that u belongs to Lq(W), we have
(C)=F
W
|u|q−1 uv(1−kd) s dx+w(n)=F
W
|u|q−1 uv dx+w(n, d).
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Putting together the results obtained on (A)–(D) we have
F
W
a(x, u, Nu) ·Nv dx+F
W
|u|q−1 uv dx=F
W
fv dx,
for every v in C.c (W), so that u is a distributional solution of (1.10). L
REFERENCES
1. P. Bénilan, L. Boccardo, T. Galloue¨t, R. Gariepy, M. Pierre, and J. L. Vazquez, An L1
theory of existence and uniqueness of nonlinear elliptic equations, Ann. Scuola Norm. Sup.
Pisa Cl. Sci. 22 (1995), 240–273.
2. L. Boccardo, F. Murat, and J.-P. Puel, Existence of bounded solutions for nonlinear
elliptic unilateral problems, Ann. Mat. Pura Appl. 152 (1988), 183–196.
3. L. Boccardo and D. Giachetti, Some remarks on the regularity of solutions of strongly
nonlinear problems, and applications, Ricerche Mat. 34 (1985), 309–323.
4. H. Brezis, Nonlinear elliptic equations involving measures, in ‘‘Contributions to
Nonlinear Partial Differential Equations, Madrid, 1981,’’ Research Notes in Math.,
Vol. 89, pp. 82–89, Pitman, Boston/London, 1983.
5. G. Dal Maso, F. Murat, L. Orsina, and A. Prignet, Renormalized solutions for elliptic
equations with general measure data, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 28 (1999),
741–808.
6. J. Leray and J.-L. Lions, Quelques résultats de Visˇik sur les problèmes elliptiques non
linéaires par les méthodes de Minty–Browder, Bull. Soc. Math. France 93 (1965), 97–107.
7. L. Orsina and A. Prignet, Non-existence of solutions for some nonlinear elliptic equations
involving measures, Proc. Roy. Soc. Edinburgh Ser. A 130 (2000), 167–187.
8. G. Stampacchia, Le problème de Dirichlet pour les équations elliptiques du second ordre
à coefficients discontinus, Ann. Inst. Fourier (Grenoble) 15 (1965), 189–258.
9. J. L. Vazquez and L. Veron, Isolated singularities of some semilinear elliptic equations,
J. Differential Equations 60 (1985), 301–321.
10. L. Veron, Singularités éliminables d’équations elliptiques non linéaires, J. Differential
Equations 41 (1981), 87–95.
566 ORSINA AND PRIGNET
